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Let X, Y be finite sets and suppose that .,~ is a collection of pairs of sets (F, G), F C X, G C 
Y satisfying IFNF~I >s, IGMG' I>t  and IFMF'I+IGAG'I > s + t + l  for all (F,G), (F~,G ') E:~. 
Extending a result of Sali, we determine the maximum of 9;. 

1. I n t r o d u c t i o n  

Let  X be a finite set and k be an integer. We denote  by (Xk) all k-e lement  

subsets  of X.  Let  us cons t ruc t  the  Kneser  g raph  G on ( x )  as follows. The  ver tex  

set of G is (x )  and two vertices are adjacent  iff the corresponding two k-element  
sets are disjoint. Using a weight funct ion on the Kneser  graph,  we prove some 
results on intersect ing families. The  ma in  tool is the following. 

P ropos i t ion  1. Le t  X = ( 1 , 2 , . . .  ,m} and G = ( V , E )  be the Knese r  graph on ( x ) .  
Le t  fur ther  wo be a f ixed constant .  Le t  w : V --~ R be a weight  funct ion wi th  the  
fol lowing propert ies .  

(P1) I f  u v e E  and w ( u ) = w o  then w(v )  <_wo. 

(P2) I f  uv  e E and w(u )  : w 0 + ( n - ~ - l )  for  some  x wi th  n - l - 1 < x < n - 1, then 

w ( v )  < - 

Further,  suppose  tha t  n>_2l and l / n > _ k / m .  Then  ~-~.vEVW(V)< [Viw0 holds. 

As the first appl ica t ion of this proposi t ion,  we give a combinator ia l  p roof  of 
the  following theorem,  which is a special case of a result  in [3]. 

T h e o r e m  1. L e t  X ,  Y be t lni te  se ts  wi th  m = IXI > 2k, n = ]Y] > 21. Suppose  tha t  
(XuY~ C ( x )  x (/Y) = { ( F , G ) :  F E ( X ) , G  E (Y)} is an in tersec t ing  fami l y  on , k+l ]" 
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Then it follows that 

1:71 < max - . 
(?) - 

Next we extend a result of Sali. To state his result, we need some definitions. 
Let X and Y be finite sets. A family :7 c 2Xx 2 Y is called (s, t, u)-intersecting if for 
every (F,G), (F ' ,G')E:7,  ]FNF'] >_s, IGNG' I >_t and ]FMF'I+]GNG' ] >u.  We 
define an s-intersecting family K ( X ,  s) on an m-element set X as the following. 

{ ~ (x) i f m + s = 2 k  
i=k 

K ( X , s ) =  { ~i=k+l(x)} U(x-k{z}) i f m + s = 2 k + l a n d x E X .  

Let us define K ( m , s )  as the maximum size of s-intersecting families on an m- 
element set. By the Katona Theorem, it follows that K ( m , s )  = ]K(X,s)]. Sali [13] 
proved the following. 

Theorem 2. Let X,  Y be finite sets with IX I = m, I Y[ = n. Suppose that :7 c 2 x x 2 Y 
is (1,1,3)-intersecting. Then the following hold. 

(1) If  m, n are even, 

1:71 <<- m/2  g ( n ,  3) + K(m, 2)K(n, 1). 

(2) f f m  is odd and n is even, 

1:71 _< (m + 1)/2 K(~, 2) + g(m, a)K(n, 1). 

(3) If  m, n are odd, 

( m ) 1 ( n - i )  
i:Tl-~ ( m + 1 ) / 2  {K(n,  2 ) + ~  ( n - 1 ) / 2  } + K ( m ' 3 ) K ( n ' l ) "  

The bounds are sharp in the first two cases. 

The bound is not sharp in the last case. We extend the above result and give 
the sharp bound. 

Theorem ~. Let X ,  Y be finite sets with IXI = m  and IYI =n.  Suppose that :7 C 
2 x x 2 Y is (s, t, s + t + 1)-intersecting. Then the following hold. 

(1) If  re+s,  n + t  are odd, 

/ r n - 1  \ 
1:71 <- \t|'m + s - 1)/2 }K(n't/ + 2) + K ( m , s  + 1 ) g ( n , t ) .  
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(2) If  m + s is even and n + t is odd, 

( m ) K ( n , t  + 1)+  K ( m , s  + 2)K(n,t).  I:~1 <_ (m + s) /2  

(3) If re+s,  n + t  are even and m/s<_n/t,  

( m ~ K ( n , t  + 1 ) +  K ( m , s  + 2)K(n,t).  
Ihl -< \ ( . ~  + s)/2 / 

415  

| 

Example 1. The upper bounds in Theorem 3 are best possible. One of the extremal 
configurations is the following. 

(1) If m + s  and n + t  are odd, fix an element x c X  and define 

:~ = { \ ( m  + s - 1) /2 /  • K(Y, t + 2)} tO {K(X,  s + 1) • K(Y,  t)}. 

(2) If m + s  is even define 

4 = {  (re+s)~2 x K ( Y , t + I ) } O { K ( X , s + 2 ) x K ( Y , t ) } .  I 

2. Tools of  p roofs  

One of the most useful results in extremal set theory is the Kruskal-Katona 
Theorem. Here we need it in the following version (cf. [11]). For a family :~ and 
an integer l_>0 define ~rl(5~)= {G: IGI = I , 3 F E ~ , G c F } .  

Theorem 5. (Kruskal-Katona Theorem [9,6]) Suppose that Y is an n-element set, 
n > 21 and ~ C (nY_l) is a family of ( n -  l)-sets. Suppose further that ]~tt'] = 

n - 1  x (n- l )  + (~-Z<)  ~or some real number ~, ~ - Z -  1 < ~ < n -  1. The~ I~z(~)l >- 
(n-j1) + (l~_1) holds. | 

Suppose that M a (#) and 5~ C (#) are cross-intersecting, that is AAB # @ 

holds for even A e~ and B ~ $. Then clearly ~ C (~) - ~(~c) holds, where ~c := 
{Y-A: A EM}. Thus, for fixed I~l we can give an upper bound of 121 using the 
above theorem and this idea will be used in the proof of Theorem i. 

Let A denote the symmetric difference, that is FAG = (F-G)U (G-F). For 
a family ,~ C 2 X and a positive integer t define Ot(~) = {G C X : 3F E ~, ]FAG[ _< 
t}. Given If[, what is rain ]0t(~)[ ? This problem was solved by Harper [5]. We 
need the following version of his result. (This follows from Harper's theorem and 
Lovgsz version of the Kruskal-Katona Theorem. cf. [12], [1]:pp.128-129.) 
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Theorem 5. (Numerical Harper Theorem) Suppose that 2~ c 2 X, I:~I = (mm)+(mm_l)+ 
m " " +  (~+1) + (m~-t) + (a~_l) where x, is a real number, a -  1 < x  < m -  1. Then for 

1 < t  < a  one has [Ot(~)[_> ( m ) + . . . +  (a_tm+l) + ( m - l ) +  (a-~-l)"  | 

Suppose that  0d c 2 X and :~ C 2 x are cross t-intersecting, that  is ]AAB[ > t 
holds for every A E~d and B �9 :~. Then it follows that  :B C 2 X -Ot_l(~dc). Thus, 
for fixed I~dt we can give an upper bound of 12t again and this will be used in the 
proof of Theorem 3. 

Finally we use the following slight extension of a lemma of Sali [13]. 

Lemma 1. Let ~ C 2 X be an s-intersecting family on the m-element set X ,  and c 
be an integer with 0 < e < s. Suppose that F1,F2, . . . ,Fh are the I-element sets in 
~.  Then there exist distinct sets G1, G2, . . . ,  Gh C X such that  [Gj [ = m -  (l - s + c) 
and [ F j N G j [ = s - e  hold, l <_j <_h. 

Proof. Let :~l = {F1,. . .  ,Fh}. In view of the Intersecting KruskM-Katona Theo- 
rem [7], 

- - s + ~ / / \  1 }L21 121 
holds for every :P C :~l- This shows that  :~l satisfies the Hall condition. So, there 
exist distinct sets H1,.. . ,Hh satisfying ]Hi] = l -  s + r Hj C Fj, 1 <_j <_ h. Define 
Gj : = X - H i ,  then clearly [Fj A G j ] = s - r  the result is proved. | 

3. Proofs  

Proof of Proposition 1. 

Claim 1. Suppose that uv �9 E and w(u) > w(v). Then, 

kw(u) + (m - k)w(v)  <_ mwo. 

Proof. By (P1) this inequality clearly holds if w(u)= wo. So suppose that  w(u)=  
w0 + (n-Y-l) ,  n - 1  - 1 < x < n - 1. Then by (P2) we have w(v) <_ wo - (ix1). To 

X prove our claim, we have to show that  k ( n - l - l )  --< (m--k)( /~1) ,  or equivalently, 

k ( x - l  + l ) . . . ( x - n + l  + 2) <_ ( m - k ) ( n - l - 1 ) . . . l .  

Since the LHS of the inequality is increasing with x, it suffices to show when x = 
n - 1 ,  that  is, k ( n - 1 ) <  ( m - k ) l .  This is equivalent to I/n>_ k /m,  which completes 
the proof of Claim 1. | 

Let H be an induced subgraph of G, where 

V(H)  = {hi := { 1 , 2 , . . . , k } ,  h2 := { 2 , 3 , . . . , k + 1 } , . . . ,  hm := { m , l , 2 . . . , k - 1 } } .  
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Claim 2. ~-~.hEV(H) w(h) ~ tHiwo. 

Proof. Consider maXhh, eE(H){W(h ) +w(h')}. By symmetry we may assume that  
this maximum is attained for the edge hlht with w(h])>w(ht). Note that  hlhj E 
E(H) for k + l < j < _ m - k + l  and hjhm_k+ j EE(H) for 2<j<k.  Then we have 

rn-k+l k 

Z = + Z + Z( (hj) + 
hEV(H) j=k+l j=2 

w(hl) + (rn - 2k + 1)w(ht) + (k - 1){w(hl) + w(ht)} 

= kw(hl) + (m - k)w(ht) 

<_ mwo. (by Claim 1) 

This completes the proof of Claim 2. I 

Since the automorphism group of the Kneser graph is transitive on its edges, 
by an averaging argument(cf. [8]) and Claim 2, we have 

< IVlwo, 
vEV 

which completes the proof of Proposition 1. I 

Proof  of Theorem 1. We assume that  l/n >_ k/m. Let X = (V, E)  be the Kneser 
graph on (x ) .  We define a weight function w :  V --* N by w(v):= # { G E ( Y )  : 

n--J_ (v,G) E 4}  for v E V. Let w0 :---- ( l -1)"  By the version of the Kruskal-Katona 
Theorem stated in the preceding section, w satisfies the properties (P1) and (P2) 
in Proposition 1. Hence we have 1) 

= < I V l w o  = z -  1 " 

vEV 

I 

Proof  of Theorem 3. Define 4 x  := {F C X : ~G C ]I, (F, G) E 4}  and k i := K(n, i). 
Consider a weight function w:4 X --* R satisfying the following conditions. 
(Q1) For all EE4X,  w(F)<_kt. 
(Q2) If I F M U I = s for F, H E 4 X then w(F) + w(H) <_ ks + kt+2. 

Moreover, if n + t = 2b then we assume that  w satisfies the following. 
(Q3) If [FMUi=s for F, H E4 X and w(F)=kt+l, then w(H)<kt+l. 
(Q4) If [FMH[ = s  for F, H 6 4  X and w(F)=kt+l + (bXi)=kt+l  + (n_(bXt)_l) for 

b -  1 < x < n - 1, then w(H) <_ kt+l - ((b_tX)_l). 

Note that  4 x  satisfies (Q1)-(Q4) with the weight function w(F)= # { G :  
(F,G)  E 4},  and we have ]4] : ~FE~xW(F). Indeed, (Q1) holds because of 
[GING2I _>t for all (F, Gi) ,  (F, G 2 ) E 4 .  (Q2) was proved by Sali [13], it can be 
proved also using the Numerical Harper Th., cf. [4]. (Q3) and (Q4) follow from the 
Numerical Harper Theorem applied to the families M = {G: (F, G) E 4}  and ~ = {G : 
(H, G) E 4}.  Therefore, to conclude the proof it is sufficient to prove the following. 
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Proposition 2. Let ~ X  C 2 X be an s-intersecting family and let w ::~x -~ R be a 
weight function satisfying (Q1)-(Q4). Then the following hold. 

(1) If  re+s,  n + t  are odd, 

w(F)  < ( m -  1 ~ K ( n , t  + 2 ) +  K ( m , s  + 1)K(n, t ) .  E FES~ x - -  \ ( m  + s - 1)/2 ] 

(2) If  m + s  is even and n + t  is odd, 

E w(F)  < K ( n , t  + 1) + K ( m , s  + 2)K(n, t ) .  
Fe~z  -- (re+s)~2 

(3) I f  m + s, n + t are even and m / s  <_ n / t ,  

~ ~(Y) ___ (~  + s)/2 g(~,  t + 1) + g ( ~ ,  ~ + 2)K(~, t). 
F E ~ x  

Proof. Let :~l :-- :~x M (:~) and h l := [:~/]. We change ~ x  and w according to the 
following algorithm. Note that in this process, the total weight does not decrease 
and conditions (Q1)-(Q4) are satisfied. 

Algorithm 1. 
(i) Define 1 := min{i : hi > 0}. I f  I <_ L(m + s - 1)/2J then go to (ii), otherwise 

end. 
(ii) Let h = h l  and S t = {F1, . . . ,Fh}.  By  Lemma 1, there exist G1, . . . ,Gh E 

(m_Xl+s) such that [Fj M Gjl = s for 1 < j < h. Define 

�9 ~X :---- -~X U {G1, . . . ,Gh},  

w(Fj)  := kt+2 for l <_ j <_ h, 

w(Gj)  := kt for l <_ j <_ h. 

I l l  <_ L(m + s)/2J - 1  then go to (iii), otherwise end. 

Let M := {F e (m_(Xs+l))  : F ~ X } .  By Lemma 1, Id[ > hl holds. Define (iii) 

5~x :=  (5~x - 5~l) uA, 
w(A) :=k t+2  for A E d  

and go to (i). I 

After this process, we obtain that 

i = l  
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where l =  [(m+s)/2J +1.  If m+s=2a+l then w(F)=kt+2 for F6~a. Moreover, 
note that  ~a  remains unchanged during this process in this case. Since it is s- 
intersecting, ~ = {X - F : F 6 :~a} must be intersecting. By the Erd6s-Ko-Rado 
Theorem [2], t~a[ <_ (mm_a ! 1) -- (ma-1) follows. 

Case 1. m + s = 2 a + l  and n+t=2b+l. 

r + E kt 
F6~X j=a+l 

: ( m : l ) K ( n , t + 2 ) + K ( r a ,  s+l)K(n,t) .  

Case 2. m+s=2a and n+t=2b+l. 

E 
F6gx 

m() m 
w(F) <_ E w ( F ) +  E j ks 

F62~ a j=a+1 

= ( : ) K ( n , t + l ) + K ( m , s + 2 ) K ( n , t ) .  

Case 3. m+s=2a, n+t=2b and m/s<n/t.  
First, let us consider w o n V  := (x) .  Define k := a, w0 := kt+l,  and 1 := b -  t. 
Then (Q3) and (Q4) imply (P1) and (P2). Note that  m/s <_ n/t implies l/n < k/m. 
Applying Proposition 1, it follows that  

F6V 

Therefore we have 

E 
F6~x 

w(F) _< ~ w(F) + ~ ks 
F6~;a j=a+l 

<_ (m)K(n , t  + l) + K(m,s + 2)K(n,t). 

This completes the proof of Proposition 2 and so the proof of Theorem 3. 
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